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ABSTRACT 
If a weld toe is modelled as a sharp V-notch angle, the stress distribution near the notch tip is 
singular. Its intensity can then be quantified by means of Notch Stress Intensity Factors 
(NSIF), which have been proven to be capable of summarizing the high-cycle fatigue strength 
of welded joints having very different global and local geometries. When a singular residual 
stress field induced during solidification of the fusion zone near the weld toe, the local load 
ratio is modified making the fatigue strength sensitive to residual stresses in the high-cycle 
regime. However, for an accurate estimation of the fatigue performance of welded joints, it is 
necessary to consider not only the initial residual stress field but also its variation under load, 
as both of these may play an important role. In this work the effect of fatigue loading on the 
asymptotic residual stress redistribution near the weld toe of a butt-welded joint is studied by 
means of numerical simulations. A model is then proposed to estimate the influence of 
residual stresses on the fatigue strength of welded joints. Experimental results taken from the 
literature were found in good agreement with those predicted by the proposed model. 
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1. Introduction  
 
In order to decrease the environmental impact and increase the efficiency of mechanical 
structures, the structural weight has to be reduced. Structural weight reduction can be 
accomplished through the use of high strength or light alloys, and by utilizing materials much 
closer to their limiting capacity. In this context, it is imperative to make improvements in the 
fatigue design of welded joints, since welding is generally the weakest point of a mechanical 
structure subjected to cyclic loading. The fatigue strength of a welded joint is governed by the 
microstructural defects (such as porosity and inclusions), the geometrical stress concentrating 
features at the weld toe and weld root (e.g. weld profile and undercut) and the metallurgical 
notches related to the inhomogeneous microstructure and hardness variations induced by 
different thermal histories in the various weld zones. Furthermore, residual stress fields will 
play an important role in either reducing or increasing the fatigue strength of welded joints 
according to the sign of both the residual stresses and the remotely applied stress. More 
specifically, the influence of residual stresses on the fatigue strength of welded joints strongly 
depends on whether their distribution near the most likely sites of failure initiation undergoes 
relaxation as a result of the cyclic loading. Residual stress relaxation/redistribution is mainly 
due to plastic effects that arise near the weld toe and weld root. Accordingly, the fatigue 
strength sensitivity to residual stresses occurs mainly in the high-cycle fatigue regime where 
 their plasticity-induced redistribution can be neglected. It appears that the earliest 
experimental evidence of a residual stress effect on welded joints derives from work carried 
out in the period 1939 - 1958 [1-4]. Early work showed a negligible influence of residual 
stresses on the fatigue limit of as-welded joints compared with stress-relieved joints. 
Subsequently, detailed investigation [e.g. 5] demonstrated that an increase in fatigue 
resistance >150% could be obtained with stress-relieved specimens compared with the as-
welded joints. Several papers highlight the strong influence of residual stresses on the fatigue 
limit of most types of joint [6-8] but their effects are not yet well understood and remain a 
matter of debate. The principal reasons of this lack of clarity can be found both in the 
difficulty of determining 3D residual stress distributions in welded structures and the in the 
complex interaction between the residual stress distribution and the applied loads. For this 
reason, conservative assumptions are generally made in the current fatigue design of welds. 
For instance, in fatigue design books [9, 10] and codes [11], residual stresses in welded joints 
are assumed to be of yield strength magnitude. Certain standards such as BS7910:2013 [A] 
give guidance on the likely values of residual stress in structures subject to post-weld heat 
treatment (section 7.1.8.3) in an enclosed furnace. The guidance further notes, however, that 
where local post-weld heat treatment is carried out no general recommendations can be made. 
Furthermore, the influences of residual stress and mean stress on fatigue strength are 
algebraically additive and the effects of relaxation or redistribution under load are not taken 
into account. Under such conditions, fatigue strength of welded joints can be characterized 
solely by the stress amplitude. This is a result of the assumption of yield strength residual 
stress levels existing at welded joints and hence the applied stress cycles down from tensile 
yield during fatigue loading, irrespective of the mean stress (or load ratio, R) in the applied 
fatigue cycle [12].  BS 7910 also provides some guidance in Annex Q on residual stress 
profiles in as-welded joints in terms of flaw assessment [A].  The approach in Annex Q has 
been validated through work contracted to TWI by the UK Health and Safety Executive 
(HSE) that considered residual stresses in girth welds. That programme included a brief 
literature review, residual stress measurements for two types of girth welds, numerical 
modelling of residual stress profiles and discussion of the impact of the new data on the 
guidance given in BS 7910 [B].   
 
However, the simplifications mentioned above are not universally applicable. In fact, the 
assumption that tensile residual stresses as high as the yield stress are always present at the 
critical points is not proven experimentally and the effect of mean stresses in the case of low 
residual stresses needs to be clarified quantitatively. Since the improvement of fatigue 
strength by residual stress relaxation through post welding heat treatments is very expensive, 
it is important to understand welding residual stresses and their effects under various loading 
conditions. 
 
In recent years, different local approaches have been developed in order to predict the fatigue 
strength of welded joints depending on the parameters assumed to be important for fatigue 
behaviour. Assuming a “worst case hypothesis”, the weld toe and the weld root regions can be 
modelled as a pointed V-notch of zero notch root radius and, accordingly, the intensity of the 
singular stress distribution can be quantified by means of NSIF which have been proven to be 
effective parameters capable of summarizing the high cycle fatigue strength of welded joints 
having very different global and local geometries [13-14]. The main drawback of the local 
stress approach based on NSIF is that it does not allow a direct comparison between the 
fatigue strength of joints having different opening angles. From a practical point of view this 
means that data derived from fatigue failure at weld root or at the weld toe cannot be directly 
compared and must be treated separately. However, this limitation is overcome whenever 
fatigue strength assessments are based on the averaged Strain Energy Density (SED) 
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evaluated over a circular sector (structural volume) of radius RC, as comprehensively 
discussed by Lazzarin and co-workers [14-15]. The local strain energy density is directly 
linked to the relevant NSIF for modes I and II and to the size of the control radius, RC, which 
depends, in turn, on the material microstructure near the welds. Accordingly, different values 
of RC would characterize high power density processes (i.e. laser welding (LW) or electron 
beam welding (EBW)) compared with arc welding processes. Ferro et al. [16] have 
demonstrated that the residual stress field, resulting from the solidification and cooling of a 
molten zone in the vicinity of a V-notch tip, is still singular and that the singularity degree, 
which depends on the V-notch opening angle, will match the elastic [17] or the elastic-plastic 
[18] value depending on the magnitude of the thermal loads and clamping conditions. 
However, due to the complex interactions among thermo-mechanical material properties, 
clamping conditions, joint geometry, thermal loads and phase transformation, the evaluation 
of residual stresses is extremely difficult and time consuming, especially near singular points 
such as the weld toe. In particular, the numerical evaluation of local residual stresses therefore 
requires reliable finite element models that are able to account for the phase transformation 
effects [19]. A comprehensive analysis of the effects of phase transformations on residual 
stresses induced by welding processes can be found in reference [20]. In that work, both 
volume changes and transformation plasticity associated with phase transformations were 
taken into account. Such effects were found to have a high influence on the residual stress 
fields, especially when compared with the results obtained from a simplified single-phase 
material. The asymptotic residual stress field near a sharp V-notch tip was investigated in 
references [21, 22]. In this work it was found that, depending on the specimen geometry and 
the size and shape of the heat affected zone (HAZ), phase transformation effects might 
change the sign of the singular residual stress field with respect to that calculated using a 
simplified single-phase material. 
 
When the residual NSIF are used to quantify the influence of residual stresses on the fatigue 
strength of welded joints, the redistribution/relaxation of the asymptotic stress field near the 
weld toe induced by the fatigue load has to be investigated. In one recent paper [23], a method 
based on the LSED approach is proposed and applied in the high-cycle regime where the 
redistribution of residual stresses induced by plastic effects is negligible (the small scale 
yielding hypothesis). The residual asymptotic stress fields are treated as analogous to a “mean 
stress” field which affects the fatigue strength in the high-cycle regime. On the other hand, in 
the medium and low-cycle fatigue regime, the residual stress redistribution induced by plastic 
effects is expected to make the fatigue strength less sensitive to pre-existing residual stresses.  
  
The main thrust in the work reported in the present paper is to investigate the effect of fatigue 
loading on the asymptotic residual stress redistribution near the weld toe of a butt-welded 
joint through numerical simulation. A model is then proposed to estimate their influence on 
fatigue strength of welded joints. Experimental results taken from literature were found in 
good agreement with those predicted by the model.  In addition, the paper commences with a 
short review of some of the published work that has dealt with the effect of fatigue cycling on 
the amplitude and direction of residual stress fields. 
 
 
2. Influence of fatigue loading on residual stress 
 
Residual stresses are an unavoidable consequence of almost all manufacturing and fabrication 
processes and can also arise during service. They will occur under any set of circumstances 
that leads to differential expansion or contraction between adjacent parts of a body in which 
the local yield strength is exceeded. Their subsequent influence on structural reliability 
 depends on their magnitude, sign and extent relative to the controlling length, area or volume 
of material associated with any particular mode of failure. As noted in reference C the impact 
of residual stress is therefore wider than just an effect on fatigue life; depending on the 
structure, their relaxation can lead to distortion during subsequent machining operations and 
they can affect aspects of structural integrity such as the buckling of welded columns. 
 
Whilst for many years there has been wide acknowledgement of the beneficial and 
detrimental effects of residual stress on fatigue life of alloys and structures, their assessment 
has been rendered difficult by such issues as complexity of measurement and analysis, limited 
near-surface data resulting from the use of techniques like incremental hole drilling or 
laboratory X-ray, and substantial repeatability issues arising from inter-laboratory and 
technique differences.  Significant progress has come from the development of high intensity 
synchrotron X-ray and neutron radiation sources, e.g. the European Synchrotron Radiation 
Facility (ESRF) and the Institut Laue-Langevin (ILL) in Grenoble, France, as well as from 
automated sample manipulation stages allowing precise 3D measurements of strain in large 
structural components.  Additionally, it is possible on certain beamlines to apply fatigue 
loading to specimens in-situ whilst making residual strain measurements that can be 
subsequently converted to stress.  It is also worth noting that the issue of determining 
multiaxial residual stress distributions from limited experimental datasets has also been 
considered in the literature, e.g. [D]. 
 
Despite these improvements in the capability of assessment of residual stress at welded joints, 
the level of residual stress is highly variable and depends on many factors such as joint design 
and component thickness (constraint), peak temperature attained at a point during welding, 
weld process and heat input, and pre-existing stress level in the components (which has an 
influence at least in the region away from the weld zone – see reference E) as well as any 
PWHT of the joint.  Whilst this makes the development of standardised procedures for 
dealing with residual stresses at welds very difficult, it has not prevented some researchers 
from investigating various aspects of the interaction among welds, residual stress and fatigue.   
A literature search on ScienceDirect indicates that a relatively small number of papers have 
reported the results of investigations of weld zone residual stress and their influence on 
fatigue crack growth [F–H] .  A more extensive body of work has considered residual stress 
relaxation under cyclic loading using either numerical modelling [e.g. I-K] or experimental 
observations [e.g. L-P]. 
 
The work on residual stress influence on fatigue is difficult to summarise in general terms as 
the individual studies tend to focus on specific joint geometries, e.g. the relatively complex K-
joint detail [F].  Reference F considered K-joints in S355 steel where measured residual stress 
values (using neutron diffraction) at the weld toe are of yield strength magnitude, tested with 
the chord and one brace member in tension and the second brace member in compression.  
The authors found that details in tension experienced almost zero-tension loading under an 
applied stress ratio of 0.1, while the details in compression experienced almost zero-
compression loading with R = 10.  Crack growth at the tensile hot spot stress under tension-
tension loading was therefore driven by the applied stresses, and crack growth at the 
compression hot spot was driven by the tensile residual stress.  The tensile residual stresses 
enabled cracks to grow up to at least half the chord wall thickness under applied compressive 
stresses.  This example illustrates some of the complexities inherent in any standardisation of 
guidance around the treatment of residual stresses in fatigue life prediction for welded joints. 
 
Work by Bussu and Irving [G] on a friction stir welded aircraft alloy, 2024-T351, presented a 
review of the influence of fusion weld residual stress fields on fatigue crack growth and the 
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comparative contributions to crack growth arising from residual stress, heat-affected zone 
(HAZ) microstructures and hardness levels.  Their review showed that the residual stress field 
plays the dominant role and that, for cracks propagating perpendicular to the weld and 
subjected to weld-induced residual stresses of at least 0.5 yield, crack growth rates were 
enhanced by a factor of three to seven times those observed in the parent plate.  For cracks 
initiating in the weld HAZ, where compressive residual stresses were present, crack growth 
rates were correspondingly slower.  In cases where cracks propagated parallel to the weld in 
the weld metal, growth rates were comparable with those observed in the parent plate.  Many 
of studies reported by Bussu and Irving [G] had proposed that the effects of residual stress on 
crack growth rates could be explained by crack closure arguments.  Their own work [G] in 
friction stir welds supported these general observations that fatigue crack growth rates depend 
strongly on their orientation and location relative to the weld line and that the role of residual 
stresses is dominant and can be explained using closure concepts.  Bertini [H] in work on 
fatigue crack growth at welds in C-Mn structural steel in air and seawater environments, also 
invoked closure arguments to explain his observation in both air and seawater environments 
of lower crack growth rates in weld specimens than were observed in parent plate. 
 
The relaxation of residual stress under cyclic loading requires loading into the plastic yielding 
regime and work by Newby, James and Hattingh [P] has shown that fatigue cycling in four 
point bend of a shot peened 12CrNiMo martensitic steel with a peak stress of 868 MPa, equal 
to the 0.2% proof strength, and an amplitude of 40 MPa led to a log-linear decay in residual 
stress value as a function of number of fatigue cycles; a decline of 28% in residual stress at a 
point 50 µm below the surface being observed after 10,000 load cycles.  In that work, 
synchrotron X-ray diffraction at the ESRF was used to measure residual stresses (experiment 
MA-326).  In other work on four point bend fatigue loading of friction stir butt welds in 5083-
H321 aluminium alloy [O] with a 0.2% proof strength of 263 MPa it was observed that the 
application of fatigue cycles at R = 0.1with a peak tensile stress of 250 MPa led to a 
progressive increase in the overall tensile magnitude of the residual stresses transverse to the 
weld line and to more sharply defined tensile peaks.  Thus 100 cycles of fatigue loading 
produced a fourfold increase in tensile residual stress values from +20 MPa to +80 MPa. 
Residual stress measurements were made using synchrotron X-ray diffraction at the ESRF 
(experiment ME-197).  These observations were attributed to the weld zone softening that 
occurs in this strain hardening alloy during welding and to the subsequent strain-induced 
hardening in the weld zone that occurs during the fatigue cycling.  This supports the point 
made earlier in this paper that the fatigue strength of a weld represents a complex interaction 
between microstructural defects, geometrical stress concentrating features and the 
metallurgical aspects related to inhomogeneous microstructure and hardness variations across 
the weld zone. 
 
Hatamleh, Rivero and Swain [M] have reported residual stresses in shot and laser peened 
plates of friction stir welded 2195 aluminium-lithium alloy obtained via laboratory X-ray 
diffraction and the destructive contour method after fatigue cycling with R = 0 and a 
maximum stress of 75% of the proof strength.  Their conclusions were that most of the 
surface residual stress relaxation in the unpeened FSW sample occurred during the first load 
cycle and that the greatest amount of stress relaxation in the unpeened samples took place in 
the weld nugget, which was the weakest part of the weld zone.  Lee, Chang and Van Do [J] 
have reported residual stress relaxation results for steel butt welds obtained from 3D thermo-
mechanical FE modelling of weld-induced residual stress and subsequent 3D elastic-plastic 
FE modelling of their relaxation under cyclic loading. The residual stress model was 
calibrated against experimental strain gauge measurements of residual stress from a bead-on-
plate weld and layer removal measurements on a double-sided ‘V’ butt joint. They considered 
 cyclic loading cases for six values of load amplitude from 30 MPa to 130 MPa and R = 0.1 
with the loads applied either perpendicular to, or parallel with, the weld joint.  The room 
temperature 0.2% proof strength of SM400 steel is around 245 MPa, so that the fatigue 
cycling with the largest load amplitude exceeds this value.  Their conclusions were that the 
magnitude of the stress relaxation depends on loading direction relative to the weld joint as 
well as the amplitude of the applied stress.  In their work the longitudinal residual stresses 
were of larger magnitude that the transverse ones, and the stress relaxation was greatest in the 
longitudinal direction.  The authors also noted that lower relaxation of residual stresses was 
observed near the welding stop-start positions due to the lower restraint at those points. 
 
An interesting observation regarding the effect of cyclic loading on residual strains has been 
reported by Asquith et al [Q] in work on shot-peened 7050-T7451 aluminium alloy subject to 
four point bend.  Specimens were loaded in fatigue to around 10% of the expected life at R = 
0.1 and peak stress levels of 200 MPa (N = 200,000 cycles), 220 MPa (N = 178,500 cycles) 
and 275 MPa (N = 27,126 cycles).  Residual strains were measured using synchrotron X-ray 
diffraction on the ID31 beamline at the ESRF (experiment ME 7478).  At the highest level of 
applied stress of 275 MPa, an average 15% relaxation in residual strain was observed.  Of 
more interest, however, were observations of a significant change in the angle of the principal 
strain as a function of depth below the specimen surface at all levels of applied fatigue 
cycling, compared with the as-peened specimen.  The angle switched from 0-10º in the near-
surface region to 70-90º in deeper regions. This corresponds approximately with the depth at 
which maximum compressive strain occurs in the shot-peened region. The depth below the 
surface at which this switching occurs increases with increasing fatigue load from 0.18 mm to 
0.25 mm indicating that applied load has an influence on the strain orientation. 
 
Perhaps the key point arising out of this short review of some of the published work, is that 
although we now have sophisticated 3D measurements techniques available to us, the cost of 
a typical synchrotron or neutron experiment is rather high.  It is therefore unlikely that 
engineers will be able to perform the large number of repeat experiments necessary to 
underpin any changes to the manner in which residual stresses are treated in codes and 
standards.  It is therefore necessary to continue to develop numerical and analytical tools 
capable of predicting the residual stress profiles at welds, and their influence on, and 
modification by, fatigue loading.  The remainder of the paper outlines such a technique. 
 
3. Analytical background  
 
Consider a V-shaped notch with an opening angle 2, as shown in Figure 1. In Ref. [16] it 
was proven that, provided the material is homogeneous, isotropic, and has linear thermo-
elastic behaviour, the equations representing the stress field near the V-notch are independent 
of the thermal constants and match the exact solution obtained by Williams [17].  
Accordingly, the resulting linear-elastic plane-stress and plane-strain stress field near the 
notch tip can be described by the following equation: 
 
s
ij
(r,q)=
KI
th
r1-lI
gij(q) (i, j= r,q)                                               (1) 
 
where gij() are the angular functions, I is the Williams’ eigenvalue, coming from the 
solution of Eq. (2): 
 
lsin(2g)+sin(2gl)= 0 with g = p-b                                                      (2) 
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and KthI is the NSIF due to a thermal symmetric load (opening mode I) which can be 
determined according to the definition proposed by Gross and Mendelson [24]: 
 
KI
th = 2p lim
r®0
r1-lIsqq(r,q= 0)                                                 (3) 
 
 
 
 
 
 
 
 
 
Fig. 1 - Domain  for the sharp V-notch problem 
 
As evident from Eq. (2), 1 explicitly depends only on the V-notch angle (2) and varies from 
0.5 and 1. The eigenvalue is 0.5 in the crack case (2=0), and increases to 0.674 and 0.757 
when the angle is 135 and 150 degrees, respectively. The corresponding degrees of singularity 
of the stress field then become 0.5, 0.326 and 0.243. If the stress field is known, it is also 
possible to evaluate the strain energy density averaged over a semicircular sector (control 
volume) surrounding the singularity point:  
 
W =
eI
E
KI
th
RC
1-lI
é
ë
ê
ù
û
ú
2
                                                                (4) 
 
where the control radius (RC) is a material characteristic parameter [15], whereas eI depends 
on the V-notch opening angle (2), Poisson’s ratio (), and the failure hypothesis employed. 
In the case of the Beltrami failure criterion, in plane strain conditions,  = 0.34 (aluminium 
alloy AA 6063) and 2 = 135°, eI is equal to 0.111.  
 
 
 
4. Welding numerical simulation 
 
 4.1 Thermo-metallurgical and mechanical simulation   
The welding of 6063 Al-alloy sheets described in Ref. [8] was simulated by means of 
Sysweld® numerical code. Plates were welded in the double V configuration using the 
GMAW technique and the ER4043 alloy as filler metal. The specimen geometry is shown in 
Fig. 2. By taking advantage of several analyses of aluminium welded joints [15] and the 
geometry of the numerical model provided in Ref. [8], the weld toe was modelled as a sharp 
V-notch with an opening angle equal to 135°. Thermo-metallurgical and mechanical 
properties of the filler and base metal were taken from Sysweld database.  
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2 – Geometry of the specimen (mm) 
 
 
In order to simulate the softening effect induced by welding in the heat affected zone (HAZ), 
dissolution of ”(Mg2Si) precipitates was taken into account by means of the following 
reversion model [25]:  
 
f =
t
t r
*
æ
è
ç
ö
ø
÷exp
Qs
Rg
+
nQd
Rg
æ
è
ç
ö
ø
÷
1
Tr
+
1
T
æ
è
ç
ö
ø
÷
é
ë
ê
ù
û
ú                                             (5) 
 
In Eq. (5) f is the dissolution fraction of precipitates, t is the time, T is the temperature (K), Rg 
is the constant of perfect gas, tr
* is the time necessary for the total dissolution of precipitates 
at a given temperature Tr, Qs is the enthalpy of metastable solvus, Qd is the energy for 
activation of diffusion process of one of alloy elements (the less mobile) and, finally, n is a 
parameter which depends on f. The yield stress in the HAZ has been calculated by using the 
following linear mixture law: 
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sy = f ×sy
SHT + (1- f) ×sy
T6
                                               (6) 
where ySHT and yT6 are the yield stresses of the material at solution heat treated (SHT) and 
T6 condition, respectively. Radiative (Stephan-Boltzman Law) and convective heat losses 
were considered on the free edges of the plate. For convective heat losses, a convective heat 
transfer coefficient equal to 2510-3 W/mm was used. The arc-welding torch was modelled by 
means of Goldak’s source [26], according to the following equation:  
 
 
   (7) 
 
Eq. (7) describes the power density distribution arising by the intersection of the heat source 
with the section representing the 2D model [16]. All parameters are summarised in Table 1.  
 
Q* Power input [W] 2860 
 Efficiency 0.64 
Q Absorbed power [W], with Q=Q*  1830 
a 
Molten pool dimensions [mm] 
4 
b 1.5 
c1 2.3 
c2 7.9 
f1 
Constants for the energy distribution of the heat flux  
0.6 
f2 1.4 
v Welding speed [mms-1] 11 
 
Total time spent by the welding source to be over the 
transverse cross section of the plate [s] 
35 
 
Table 1 - Goldak’s source parameters. 
 
The source parameters values were calculated by matching the experimental microhardness 
profile across the weld bead with that numerically calculated by means of the following linear 
mixture law (reverse analysis):  
 
 
HV= f ×HVSHT + (1- f)×HVT6                                            (8) 
 
where HVT6 and  HVSHT are the Vickers hardness of the material in the T6 (85 kg/mm2) and 
solution heat treated (SHT) (50 kg/mm2) condition, respectively. Finally, fusion zones were 
modelled by element birth method. 
 
Since the analysis of the singular stress state at the weld toe requires very refined meshes, the 
problem size was reduced by using a 2D FE model under generalized plane-strain conditions 
[27-29] (Fig. 3). Because of the double symmetry of the geometry, it was only necessary to 
model one half of the joint using some 5500 parabolic isoparametric elements. At the notch 
tip, the minimum size of the elements was approximately 5x10-4 mm. Finally, an uncoupled, 
thermo-mechanical analysis was carried out by using SYSWELD® code. 
qg (x,y, t) =
6 3 f1,2 Q
π π a b c1,2
e
-
3 x2
a2 e
-
3 y2
b2 e
-
3 v (t-t)[ ]
2
c1,2
  
 
Fig. 3 – FE model of the welded joint 
 
 
4.2 Fatigue loading simulation   
 
Four-point bending fatigue tests were simulated by applying a ten cycles of fatigue load as 
shown in Fig. 4. At room temperature the material was assumed to behave according to the 
modified Ramberg–Osgood law with kinematic strain hardening (n = 5) (yield strength equal 
to 190 MPa). The fatigue load was characterized by a stress ratio RL = 0 and a sawtooth 
waveform. The nominal stress amplitude (n) was varied at each analysis from 25 to 120 
MPa in order to study the effect of the increasing plasticization near the notch tip on the initial 
residual stress distribution.  
 
 
 
Fig. 4 – Configuration of the fatigue tests [8] 
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5. Results and discussion 
 
Fig. 5 shows the calculated asymptotic distribution of in-plane residual stresses near the weld 
toe of the bottom side of the joint together with the out of plane and von Mises equivalent 
stress. Since negative in-plane residual stresses were obtained, their absolute value is plotted 
in the log-log diagram.  A good correlation is found between the numerical and analytical 
elastic solution by Williams [17]. Due to the mixed mode loading, the analytical solution 
contains also the Mode II component that is not singular for the analysed V-notch opening 
angle and the first term (Mode I) dominates up to about 0.15 mm from the notch tip. In 
particular, the NSIF of the asymptotic residual stress field (KI
res) was found equal to -8.3 MPa 
mm0.3264. An uncoupled behaviour is observed between the in-plane and out-of-plane stress 
components with the out-of-plane stress working in the elastic-plastic field.  During loading, 
it is expected that the redistribution takes place if the von Mises stress exceeds the cyclic yield 
strength.  
 
 
 
 
Fig. 5 - Residual stress distribution at  =22.5° (transverse residual stresses) (KIres=-8.3 MPa 
mm0.3264, KII
res= 5 MPa mm-0.3021). 
 
It was observed that the residual stresses behaviour under cyclic loading depends on load 
amplitude. Fig. 6 illustrates the variation of asymptotic transverse residual stresses in the as-
welded joint under different cyclic loading cases. Any redistribution of the residual stress 
occurs during loading (n = 25 MPa) in the first cycle and the distribution remains stable 
during the successive load cycles. In the low yield strength aluminium alloy analysed, 
residual stress redistribution takes place at low load amplitudes. For this reason, reduced 
fatigue strength sensitivity on initial residual stress is expected even in the high cycle fatigue 
conditions compared to high strength alloys.  Regardless of high or low cycle fatigue 
conditions, the initial redistribution can be described by using the von Mises failure criterion. 
 As a matter of fact, the greater the stress amplitude (n), the greater the distance (Rp) from 
the weld toe where the von Mises maximum stress (e) equals the yield stress (Fig. 6). 
Finally, the greater the Rp value, the greater the degree of residual stress redistribution. 
 
Fig. 7 shows the residual stress distribution after ten cycles in stress-relieved welded joint. It 
is observed that where plasticity occurs (0 < r < Rp) the residual stress distribution of stress-
relieved welded joins approximates that of the as-welded joints and matches the elastic-plastic 
solution [16,18].  
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Fig. 6 – Residual stress redistribution of the as-welded joint after ten cycles and maximum 
transverse stress field ( component) at different values of the remotely applied stress 
amplitude (n); n = 25 MPa (a), n = 80 MPa (b), n = 120 MPa (c). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 7 – Illustration of the residual stress redistribution of the stress-relief welded joint after 
ten cycles of loading and of maximum transverse stress field ( component) at different 
values of the remotely applied stress amplitude (n); n = 25 MPa (a), n = 80 MPa (b), 
n = 120 MPa (c). 
 
 
By comparing the maximum transverse stress field of as-welded and stress-relieved joints 
(Fig. 8), it can be observed that the greatest difference is obtained when the two stress 
distributions are elastic. On the other hand, when residual stress redistribution occurs, the two 
stress fields tend to overlap, showing a reduction of fatigue strength sensitivity on initial 
residual stresses. 
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Fig. 8 – Maximum transverse stress field ( component) of stress-relief and as-welded joint 
after ten cycles at different values of the remotely applied stress amplitude (n); n = 25 
MPa (a), n = 80 MPa (b), n = 120 MPa (c). 
 
 
 
Once the NSIFs associated to the residual stress fields are known, the evaluation of their 
influence on the fatigue strength of the component can be tackled by using the SED approach. 
Indeed, the following equations hold valid [23]:  
DK = K Im ax
L -K Imin
L
R =
K Imin
L +K I
res
K Imax
L +K I
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ü
ý
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KImin
L +KI
res £ 0
        (9) 
 
where KI
L is the NSIF of the stress field induced by the applied load, KI
res is the NSIF 
associated to the residual stress field, RL is the conventional load ratio, whereas R is the local 
load ratio which accounts for welding residual stresses. 
 
Invoking the relations linking the NSIFs to the SED value, W , the following analytical 
expressions can be obtained [23]: 
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for R>0. In Eqs. (10,11) C is a constant and z is the slope of the fatigue curve expressed in 
terms of local strain energy density experimentally calculated (
z = Log(ND1 / ND2 ) / Log(DWD2 /DWD1 ), subscripts D1 and D2 indicate two points of the curve 
); kI is a non-dimensional coefficient, analogous to the shape functions of cracked 
components calculated by using the following equation: 
 
KI
m = kIsnh
1-lI                                                       (12) 
 
where n is the remotely applied stress, and h is a geometrical parameter of the plate, defined 
by Lazzarin and Tovo [13]. By using the plate thickness (5 mm) as the reference dimension 
(h), kI is easily found to be equal to 0.976. Fatigue data of stress-relieved samples published 
in Ref. [8] are used to calculate the fatigue curve expressed in terms of local strain energy 
density by means of Eq. (10) with KI
res equal to 0 MPa mm0.3264. 
Equations (10) and (11) are applied in the high-cycle fatigue regime (N > 2*106), where the 
redistribution of pre-existing residual stresses are negligible. In the low-cycle fatigue regime  
(N < 105 cycles) the fatigue strength of as-welded and stress-relieved joints should be the 
same because of the residual stress redistribution induced by plastic effects. Under the 
condition KImin
L + KI
res < 0, Fig. 9 shows an estimation of the fatigue resistance of the stress-
relieved and as-welded component predicted by means of the proposed model, Eq. (10). 
  
It is useful to note that cracks were always observed to nucleate at the weld root [8] where the 
local strain energy density has been calculated. Furthermore, due to the negative value of the 
residual NSIF, an improvement of fatigue strength of as-welded joints is observed 
experimentally and predicted by the model compared to the fatigue strength of the stress-
relief specimens. It is also worth mentioning that in real welded joints, coupled effects arise 
among modes I, II and III, which can be captured only using 3D models [30] and this aspect 
will be investigated in a future work.  
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Fig.  9 - Residual stress influence on the fatigue strength of the butt welded joint predicted by 
the present model (Rc = 0.12 mm [15]). 
 
 
 
 
5. Conclusions 
The present numerical residual stress analysis of Al-6063 butt-welded joints has shown that 
its distribution near the weld toe follows the Williams elastic solution only for the in-plane 
components. Regardless the value of the applied fatigue load, redistribution of residual stress 
takes place during the very first load cycles. In high cycle fatigue loading, except for a small 
redistribution very close to the notch tip, little redistribution of residual stress was predicted. 
This implies that, in the range of high cycle fatigue, the fatigue strength sensitivity to the 
initial residual stresses is expected to be high. On the contrary, during low cycle fatigue, 
redistribution takes place during the very first load cycles. The major portion of the 
redistribution occurs in the zone where the von Mises stress exceeds the yield strength. At 
high fatigue loads the in-plane stress field of stress-relieved and as-welded joints almost 
overlap making the fatigue strength insensitive to the initial residual stress distribution.  
 
In the high cycle regime where the redistribution of residual stresses induced by plastic effects 
is negligible (the small scale yielding hypothesis) a method based on the strain energy density 
approach was used to quantify the effects of residual stresses on the fatigue strength of 
welded joints. On the other hand, the fatigue strength of as-welded joints in the low-cycle 
regime was set equal to that of stress-relieved specimens. Because of the negative value of the 
residual NSIF, an improvement in fatigue strength is predicted by the model in the high cycle 
regime for the as-welded joints compared to those that were stress-relieved. The experimental 
and predicted results were found to be in good agreement. 
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